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Quantum Effects of a Mesoscopic Capacitance
Coupling Circuit With Resistances
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We study the quantization of a mesoscopic capacitance coupling circuit with resistances,
derive the density matrix of the system, and study the influence of temperature on the
fluctuation of the system.
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1. INTRODUCTION

Because of the rapid development in nanometer techniques and microelec-
tronics, the trend in the miniaturization of integrated circuits and components
toward atomic scale dimension becomes strong and definite (Buot, 1993). Clearly,
when the charge-carrier inelastic coherence length and the charge-carrier confine-
ment dimension approach the Fermi wavelength, the physics of classical devices is
expected to be invalid, and quantum effects must be taken into account. The quan-
tum effects for a single LC lossless circuit was first discussed by Louisell (1973).
Following a similar line of thought, many authors have discussed the quantum
effects of mesoscopic inductance coupling circuit (Song and Zhu, in press; Wang
et al, 2000), capacitance coupling circuit (Waaital., 2000), and two LC circuits
with mutual-inductance (Fan and Pan, 1998). However, most researchers have
not taken resistance of circuit into account. Because of the fact that the practical
electric circuits always have resistance, the study of the quantum effects of meso-
scopic circuits including resistance is very interesting. In this paper, we study the
gquantization of a mesoscopic capacitance coupling circuit including resistance. By
introducing canonical transformation, we turn the dissipative capacitance coupling
circuit into a nondissipative capacitance coupling circuit. Moreover, we derive the
density matrix of the system and study the influence of temperature on the fluctu-
ation of the system.
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Fig. 1. Capacitance coupling circuit.

2. THE QUANTIZATION OF A MESOSCOPIC CAPACITANCE
COUPLING CIRCUIT WITH RESISTANCES

We consider a mesoscopic capacitance coupling circuit with resistances
(see Fig. 1). According to Kirchhoff law, the classical equations of motion of the
system are

O (t) n Gu(t) — g(t)

L0+ Riea + 20 + B0 0 _ (12)
Latiat) + Rty + 27 - 2O g (1b)

whereq; (t), Li, andC; (i = 1, 2) are the charges, inductances, and capacitances of
two-component circuits, respectiveyjs coupling capacitance of two-component
circuit, ¢(t) is the electromotive force. Set (t) = Ligi(t) (i = 1, 2), andg;(t),

pi (t) are denoted by, p; for simplicity. So Eq. (1) can be written as

: Ry g % . 1 1 1 1
— t [ — —_ -, = — y e - 2
p1 = e(t) L, P1 c; + C a1 L, P1 T c + C (2a)
R 02 01 . 1 1 1 1
_ —— —_—— - = — y —_— = — - 2b
=Lk gt TP g Tete (2b)
From Eg. (2) we can obtain
a4 of R a¢ of R
991 4 P R 002 n P2 R 3)

dqn  opr L1’ dq  apr Lo
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Eq. (3) implies that in a dissipative systei(# 0, R, £ 0), g andpi(i = 1, 2)
cannot be constructed as common canonical variables. When we quantize Eq. (2)
in the Heisenberg picture, the equations of motion for coordinate and momen-
tum operators share the same form as Eq. (2). But the classical variplaed

pi(i = 1, 2) become operators, which observe appropriate commutation relations,
namely the quantization condition. From the operator equation of motion corre-
sponding to Eqg. (2) we can obtain

dx, d A . . Ry 1

Fie a(chpl — P101) = G1P1 + Qe Pr— P101 — P1l = _L_le + % (4a)
= -De- g (4b)
% = —E—zx3 - Ciéxs + Lilxey (4c)
=Dt S e (40)
% = L%Xs - Lilx4, (4e)
%—?z—éxl+éXz—ciiX3+Ciéx4—<f—i+%) X6, (49)

where
X1 = [, pi], X2 = [0, P2], X3 =[a1, P2],
Xg =[O, pa], X5 =[01, %], X6 =[Pp1, p2l- )

Generally speaking, it is very difficulty to solve Eq. (4). Wh@]: E_i = A,
however, Eg. (4) has the following form of solutions:

X1 = [a1, p1] =ih exp(=At), Xz = [0, p2] =ih exp(=Ait) = xy,
X3 =[01, P2] =0, X4=][0p, p1] =0,
Xs =[01,02] =0, Xg=[p1, p2] =0. (6)

If we introduce the canonicalization transformation (Peng, 1980) (not the
common canonical transformation) as follows:

Qi) = exp(%kt) , Put) = L1Qu(t) = (pl + %Rﬂih) exp(%kt) . (7a)

Qutt) = @ exp( 33) . Pal0) = L) = (2 + 3R ) xp{ 33t ) D)
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then Eq. (1) becomes

L1Gu0) + 11Qu(0) — 5 Qalt) = £'0) (8a)
L102(0) + 12Qa(0) ~ S QD =0, (&)
or
. 1 . 1
Q= RO, PO =0 - 1mQuO+ Q0. (©a)
Q) = - PalD), Palt) = —32Qa(0) + 5 Qult), (90)
2
where
1 R 1 R, 1
A= o 4—|_11’ Ao = c A '(t) = e(t) exp(iz\t). (10)

From Eqg. (9) we can prove th@; andP, can be constructed as common canonical
variables, here and hereaft€);(t), P (t) are denoted byQ;, P for simplicity.
By using Hamiltonian canonical equations, we obtain the classical Hamiltonian
corresponding to Eq. (8)

1

1 1 1 1
T +2L2 ps + > 1Q1+2 2Q5 CQle g'(1)Q1 (11)

Eq. (11) is analogous to two harmonic oscillators with a coordinate coupling term,
the variablesQ;, Q, and P, P, play the role of coordinate and momentum of
analytic mechanics.

The quantization of Eq. (11) only means that the classical variaple -
and P;, P, become operators. From Egs. (6) and (7), we obtain the following
commutation relations:

[Qx, Al =ihdx, [Q1, Q2] =[Py, P2] =0. (12)

To diagonalize the HamiltoniaH of Eq. (11), we introduce the following unitary
operatorJ:

u =//|AQ><Q|dQ1dQ2, (13)
where
A A1 A2 ' (14)
A1 Ax
A1 = B cos@/2), A, = B sin(p/2), (15)

As1 = —B71sin(p/2), A= B! cosg/2), (16)
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L, 1/4

5= (&) - 4

t = 2 18

9% = CuBZ—,B2)’ (18)

|Q)=‘(Ql)> 1Q1, Q2) = |Q1)Q2), (19)
Q2

|Qi) (i =1, 2)is coordinate eigenstate (Fan, 1997). It is easily proved that
U'Q1U = A11Q1 + A12Q2, UT'QaU = Az1Q: + AxQy, (20)
U™PU = ApPr — APy, UTIPU = — APy + AgrPa. (21)
Substituting Egs. (20) and (21) into Eg. (11) we have

H' =U""HU
P12 Pz 1 1
2m, 2m2+2 1 1Q1+2 03Q% — (A1Q1 + AQ2)e(t), (22)
where

A M 1M A .
my Ly L mp Ly Lo

2 A%Z A%Z 2 2 2

o] = | =25 + —== | [ MA + A2A5 — =AnAa |, (24)
Ly L, C
A2 A2 2

ws =2+ 2 ) (M A2, 4+ 00AL, — S ARA, (25)
Ly Lo C

From Eq. (12) we construct the following non-Hermitian operators:
mka)k
a= 2 (e on), k=12 (26)

+ _ /mkwk - —
ak - (Qk Mok Pk) ’ k= 11 21 (27)

which satisfy the foIIowmg commutation relations:

[, &) = ihéw, [ a]] =0,

[a . &' =0, (28)
then Eq. (22) can be rewritten as

H = ha)l (afal —+ %) + ha)z <a;_a2 + %) + Vl(t)(al + af) + VZ(t)(aZ + a;—)!
(29)
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h h
Vi(t) = —A118/(t)‘/ 2mier’ Vo(t) = —A128’(t),/ 2y (30)

We now calculate the normal product form df Substituting the explicit
form of the coordinate eigenstat®;) (i = 1, 2) in the Fock space

o\ A
IQi>=<M> elo[—&Q2 Zm'w' —— Qi 1&“] 0, i=1,2

wh
(31)
into Eq. (13) and using the technique of the integration within an ordered product
of operators (IWOP) (Fan, 1997; Fanal. 1987) we can perform the integration
in Eq. (13) to obtain the normal product form 0f

U= // [A11Q1 + A12Q2, A21Q1 + A22Q2)(Q1, Q2/dQ1dQ,

where

4mim
TR Y2 explora)” — o) + osatay)
heA
L exp ([‘1a,fa1 + Fla;ag + Fgafag - I‘ga,jal)
: eXp(rlaf - ‘L']_ag + ‘L’zalaZ), (32)

where : : denotes the normal ordering,

M1 Az \ 2 Mow2 A1\ 2
A= (=57 H (T

+ %[2 +(B? + B2 co(p/2)], (33)
01 = nAllr:OZl [mlwlAlg + Mawz (1 + All)] %' (34)
o = 7““1”;;“1‘”2(%@ — Mow2) sin), (35)
r, = %(B +B1) cos/2) — (36)
r,= 7W(mlw18 + My B~ Y) sine/2), (37)
1 = T g Ay + (1 AZ)] 5, (39)
1y = — Y MO102 ) 0 B2 — MowyB2) singp). (39)

Ah?
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It can be proved that the time evolution operatg(t, 0) corresponding téd’
is given by (Fan, 1997)

Us(t, 0) = exg —i h(w1a a1 + wpa] a)t]

exp—i(nial + may + n5a; + n2a0)], (40)
here we have omitted a phase factor,
nk(t) = /Ot V(1) exp(=ihwyt)dr. (41)
Therefore, the wave function of the system at tini given by
[y (1)) = UUs(t, 0)/00), (42)

here we suppose that the initial state of the system is in two-mode vacuum state
|00). When the external electric source is only instantaneously switched on, say, for
an infinitesimal timg = p — 0 and then switched off, the system is in a rotated
two single-mode squeezed state

[ (t = p))p-0 = U|00)

4mim, 2 2
= \/@ exp(o1a — o185 + 02af a;)|00)
4
= \/@ exp @] a — a; a))d] exp[v(az o afz)]|00),
(43)

1 o2 1
0 =;arctal —s— ), v= —oy cot@), 44
> r( 201> vV=o01+ 202 ©) (44)

expl(a; a, — aj a)0] is a rotation operator. From Egs. (20) and (21) we have
((AQu? = (00U *Q7U00) — ({00U*Q1U |00))?
hAl, | hAL
= 4
2myw; + 2m2w2’ ( 5)
(00Ju* Q23U |00) — (00U * Q.U |00))
h A2 h A2
— A + i (46)

2myw; 2Mowy '

where

(AQ2)?)

((APy)?) = (00U P2U|00) — ((00U * PLU |00))?

_ hmla)l A%Z hmza)z A%l

> > (47)
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((AP,)%) = (00|U™PZU |00) — ((00]U * P,U [00))?

hmla)]_Aiz hn”lza)zAil

-2 2

From Eq. (4) we obtain the quantum fluctuationsjadindp; (i = 1, 2) in the state
U 00) as follows:

(48)

(Aq)?) = (of) — (n)?

= [(00]U* QU |00) — ({00|U T QU 00))?] exp(—At)|t=p—0

= ((AQu)?), (49)
(Ag)?) = (AQ2)%), (50)
(ApY)?) = ((APY?), (51)
((Ap2)?) = ((AP2)), (52)

3. DENSITY MATRIX AND ENSEMBLE AVERAGE
OF THE SYSTEM

To study the influence of temperature on the fluctuation of the system, we now
calculate the density matrix of the system. Usually, in the coordinate representation,
a density matrixo(x, x’; B) is calculated by the Bloch equation

-7%pu»cﬁ)=Hpa»¢ﬂx (53)

whereg = (ks T) %, kg is the Boltzmann constant. Here, we use the unitary trans-
formationU to calculate the density matrix(Q1, Qz; Qp, Q5; B) of the system.
For simplicity, we only consider the casé) = 0. From Egs. (20)—(22) we have

p(Q1, Q2; Q1, Q3 B) = (Q1, Q2| exp=BH)IQ], Q3)
= (Q1, Q2|U exp(-gH"NU|Q}, Q)
= (A22Q1 — A12Q2, —A21Q1 + A1 Q2| exp(-pH’)]
x A22Q] — A12Q3, — A2 Q] + A1 Q5), (54)

where we have used*|Q;, Q,) = |A‘1(8;)). Because the position representa-
tion of the density matrix of a single harmonic oscillator is known as (Mills and
Robiette, 1985)

p2 1 > 5 N Mw vz
(X] exp[—ﬁ (ﬁ + >Me™X )] X)) = <m)

emPEE%%EWﬁ+ﬂN%WW%QHﬂ7 (55)
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we have
p(Q1, Q2; Qf, Q% B) = (Q1, Q2l exppH)|QY, Qy)

1 My Mawiw? 12 X Myw1
27 h \sinhfiwy ) sinh(hw,B) P 2h sinhfiw, B)

x [(A22Q1 — A12Q2)% + (A22Q} — A12Q%)?) coshhw: f)
—2(A22Q1 — A12Q2) (A22Q] — A12Q))]

mMaw2 ,
B m[((_AZIQl + A11Q2)

+ (= A2Q} + A11Q5)?) coshfiw, )

—2(—A21Q1 + A11Q2)(— A1 Q) + A11Q5)]— } (56)
Similarly, we can calculatep(Py, Po; P;, P;; 8) in the momentum
representation
p(Py, P2; Py, Py; B) = (P1, P2l exp(=gH)IP;, Py)
= (p1, P2/U exp(=BH)U|p}, py)
= (A11P1 + A21Ps, A12Pr + Az Pol exp(—BH")| A1 P]
+ APy, APl + AxPy). (57)

By using the momentum representation of the density matrix of a single harmonic
oscillator (Mills and Robiette, 1985)

2 1 1 12
(pl exp[—ﬂ (i + —mwzxzﬂ p) = ( )
2m 2 2 hmw sinh(hwp)

we have
p(P1, P2; Pi, P B) = (P1, P2l exp(=BH)IP;, Py)
1 1 1/2
~ 2zh (mlmzwlwz sinh(hw18) sinh(hwz,B)>
X exp{ ~ 2hmer s:ith(hwlﬂ) [((A11Py + Az1P2)?
+ (A11P] + A21Py)?) coshbwiB) — 2(A11P1 + A1 P2)

1
2hmpw, sinh(hw,p)

X (A11P] + A P))] —
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x [((A12P1L + A22P2)? + (A12P; + AxPj)?) coshbiwzf)
—2(A12P1 + AxoPo)(A12P] + A Pé)]_}~ (59)
From Egs. (56) and (59) we have

((AQ1)? = (QF) — (Qu)?
// Q3p(Q1, Q2 Q1, Qz; B)dQAQ,

[ eteu aon QapdQe

2

/ / Qu0(Qu, Qz; Qu, Qs A)IQAQ,

/ f P(Q1, Qz; Qu, Qai A)IQAQ,

h A2 h A2
_ At + 12 (60)

h h I
2miw; tam"<leﬂ> 2mow; tanr(“)TZﬂ>
(AQ2)%) = (QF) — (Q2)°

/ Q20(Q1, Q; Qu, Qs A)IQAQ,

B // p(Q1, Qz; Q1, Qz; #)dQdQ,

2

[ Q20(Q1, Q2; Q1, Q2; f)dQ,dQ,

) // p(Q1, Qz; Q1, Q2; B)dQAQ,

2 2
- hAthw B T hAzzhw B’ (61)
2
2miwq tani—( 21 ) 2Mowo tanr( > )

(APy)?) = (PZ) — (Py)?

// PZp(Py, P2; P1, P2; B)dP1dP,

// p(P1, Py; P, Py; B)dP.dP;
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2

// Pio(Py, Ps; P1, Py; B)dP1dP,

/f p(P1, Po; P1, Py; B)dP1dP,

. hmla)lA%Z hrnzszgl
* 2tanh( 2P +2tanh(thzﬂ)’ (62)
2
(AP2)%) = (P, > (Py)?

// PZp(Py, Py; P1, Py; B)dP.dP;

// p(P1, P2; P1, Py; B)dP1dP,

2
f/ Pop(P1, Py; Pi, Po; 8)dP1dP;,

// p(P1, P2; P1, Py; B)dP.dP,

. hmla)]_Aiz " hl'nga)z A%l (63)

2tanh<hw1'3 ) 2tanh(—h°’;2ﬁ )

From Eg. (7) we obtain the fluctuations of chargesindg, as follows:

((Aqw)?) = (0?) — (a)?

2 2
= hA“h AN hAs, haspy | ©PEAD, (64)
2m1w1tanh< a;l ) 2m2wztanh(T2)

(AG)?) = (0f) — (d)?

= hA2 + hA2 exp(=it), (65)

2m1w1 tanh(ha)Tlﬂ> 2m2a)2 tanh(h“)_zZﬂ)

From the the property of the function tamh(ve can see that the fluctuations of the
chargesy; andq increase with increasing temperatreAs T — 0 andt — 0,
Egs. (64) and (65) turn back to Egs. (49) and (50).
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4. CONCLUSION

By introducing canonicalization transformation (not the common canonical
transformation), we study the quantization of a mesoscopic capacitance coupling
circuit with resistances. By taking a unitary transformation approach, we turn
the system into two independent harmonic oscillators, then we discuss the time
evolution of the system. It is remarkable that when the external electric source is
only instantaneously switched on, say, for an infinitesimal timep — 0 and
then switched off, the system is in a rotated squeezed vacuum state. To study the
influence of temperature on the fluctuation of the system, we calculate the density
matrix of the system. The results show that the fluctuations of the chaygesl
g increase with increasing temperatdre

It should be pointed out that our discussion is only confined to the special case

of Rl = 2 = A. The study of the system in general case would be very interesting.
But we have trouble in solving Eqg. (4).
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